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In studies of electromagnetic wave propagation and radiation in magneto-

plasmas, the wave equation takes the form of a dyadic-vector Helmholtz
equation. The investigation here shows that the dyadic-vector Helmholtz
equation is solvable by the separation method in four cylindrical coordinate
systems. Solutions in the form of complete sets of eigenfunctions are possible
when boundary surfaces are present. For problems involving current sources
in the plasma, the Green's dyadics for finite or semifinite domains can be
constructed from the complete sets of eigenfunctions which are solutions to
the homogeneous equation. The Green's dyadic for infinite domain is also
shown to be obtainable from that for a semifinite domain through a limiting

process.
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INTRODUCTION

The presence of a static magnetic field in a plasma region results in an
effective electric conductivity which is of dyadic form. Assuming monocho-

matic waves, the equation describing the waves, generated by a source,J— ,

in such an anisotropic medium may be written as-

VrxI~E - kR-E =Js.

==

Written in matrix form, the dyadic IQ is

()

_ k_‘_ k-r (@]
k=|-k R o
o o kR, /. (2)

Assuming spatial homogeneity, the parameters ‘Q_L , k‘f’ and k“ are constants
with respect to time and space coordinates.

Solutions for Eq. (1) in terms of auxiliary Green's function for infinite
domain have been discussed by Bunkin(l) and subsequently extended by Chow(z)
and Brandstater. (3) However, the solutions of Eq. (I) for a bounded region
have proved to be more difficult to obtain. The studies dealt with here reveal
that, in order to solve for a finite domain or semifinite domain Green's function,
a better understanding of the free wave equation, 5:5 = O inEq. (1), is

needed, and that the Green's function may be constructed from the solutions

of the homogeneous equation.

(1) F. V. Bunkin, Soviet Phys., JETP, 5, 277, (1957).
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THE HOMOGENEQUS EQUATION

The homogeneous equation describing free wave propagation is

TxVAE -k-E=o0 s

A1

Eq. (3) is seen to resemble a vector Helmhoitz equation except that is a
dyadic. It is well known that the scalar Helmholtz equation is separable in
eleven coordinate systems, and that the vector Helmholtz equation is
separable in only six coordinate systems. (4) Despite the fact that the dyadic-
vector Helmholtz equation has been frequently encountered in connection with
the studies of crystal materials and plasma fields, and that its solutions have
been obtained and used extensively for problems involving boundaries in the
rectangular coordinate systems and the circular cylindrical coordinate

systems, (5.6,7)

additional investigation into the separability of the dyadic-
vector Helmholtz equation is desirable. The separability of Eq. (3) will be
studied here, since by determining the coordinate systems in which this equation
is separable one not only gains the knowledge of exactly in what coordinate
systems the equation is solvable by a separation method, but one also hope-
fully attempts solutions in the form of eigenfunctions when boundaries are

involved. The eigenfunction solutions will be of great help in constructing the

finite domain or semifinite domain Green's dyadics.

(4) P.M. Morse, and H. Feshbach, Methods of Theoretical Physics,
(McGraw-Hill Book Company, Inc., New York, 1953) Vol, II, Chapter 13,

(5) W.P, Allis, S.J. Buchsman, and A. Bers, Waves in Anisotropic Plasmas,
(M,I,T. Press, Cambridge, Massachusetts, 1963) Part . II,

(6) H. Suhl, and L. R. Walker, Bell System Tech, J., 33, 579-939-1133,
(1954).

(7) A.A. Th.M. van Trier, Appl. Sc. Research (Netherland),B3, 305, (1953),




In the application of boundary value problems, separation into .the fdrm
that conveniences the fitting of boundary surfaces is most desirable. Hence,
it is advisable to separate this dyadic—vector Helmholtz equation in terms of
longitudinal, —L: . and transverse, —M_ and N , vector components.

The first term in Eq. (3) is a vector operating term, vx Vx E . A review
of the separability of a vector Helmholtz equation shows that the coordinate
system in which this vector operating term facilitates separation must be a
coordinate system in which one of the scale factors is unity, and that the ratio
of the remaining two scale factors must be independent of the coordinate corres-
ponding to the unity scale factor. The six coordinate systems which meet these
requirements are the spherical, the conical, and the four cylindrical coordinate
systems,

Pertaining to magnetoactive plasma, Eq. (2) implies that the static
magnetic field is in the direction parallel or anti-parallel to the coordinate
corresponding to the unity scale factor. Without losing generality, this coordi-
nate is denoted 63 ., and its unit vector, —Ol_s . A close examination shows
that only four out of the six coordinate systems are physically realizable for
such alignment of the static magnetic field; namely, the four cylindrical coordi-
nate systems including the rectangular, the circular cylindrical, the elliptical
cylindrical, and the parabolic cylindrical coordinate systems. In each system,

f,s corresponds to the 3 axis.

It may first seem to be pessimistic that the number of permissible coordinate
systems has been reduced to only four from eleven right at the onset. Fortunately,
however, it turns out that no other restriction will be imposed that further reduces

the number of permissible coordinate systems,



In attempting the solution of Eq. (3), the difficulty lies in the ﬁct tI;at
each term in the equation is a purely transverse vector, while due to the dyadic
i , the vector field, —E_ , in general, is not entirely transverse. Since
it is desirable to separate the equation in terms of transverse and longitudinal

components, [ must be expressed in terms of all three vector components

T .M and N .,ie.
=L+M+N,

=-Ve -V,

= VLW¥x & |

= (V&) - (W x) %

where (D ' \,P , and ?( are three scalar functions to be determined., The

(4)

Z| X rtm|

subscript | indicates the components of operator or vector which are perpen-
dicular to ZZB , whereas ||  indicates parallel to 53
Expanding E . —E_— into vector forfn, Eqg. (3) may be broken into two

equations, one contains the L -vectors, the other contains the || -vectors.

It is also recognized that Eq. (3) implies:

V:(k-E) =0, )
which yields a third equation. After some manipulation, the three basic

equations become.

AT Y+ (@) + 4 Ve BT )~ TP + R(T)=0, 0
U (TX) + TN+ oY + R Esd = o, 7)
o (W) + (k- RV, ‘@(Vf’)() 4 kP +R T b=0, ©



- Close examination of Eqs. (6) to (8) shows that solutions may be obtained

if the three scalar functions each satisfies:

v2(¢) W)')() + T;(¢)WJ9() =0 , )

or
L@y, 1)+ Ko, 0,5) =0 10a)
and
2 2 10b
Vi (,4,0) + #m(d, 4,9 =0, (1op)
with
2 2 2
— — 10
where ,b:q is the separation constant for separation of g 3 T,: in

Egs. (9) or (10c) must satisfy an eighth order determinant equation

(T:"’/QJ_) - 4?T k’r

o (TI-BXTE-k,) ~ki ke |= 0.

2 2 2 2 a .2 2
491- (T 'km) <ku" k,;)(Tm‘ bm) b_L(Tm"bm)'* kukm.
The order of Eq. (11) appears to be too high to be readily solved at first, but
it turns out that the resulting secular equation is only of fourth order in T ,
2 2 a
since the other four roots, Tm= 4?,“ ,and T, = © , are trivial and may be

discarded. The secular equation yield by Eq. (11) is

(T = ko-k, ) b7 (T -k)] - kB (T -R) =0, 42

2 a 2
Eq. (12) may be readily solved for Tm in terms of /bm , Orf for 'f?m in
2
terms of [, depending upon the manner of the boundaries set up in the

problem. Let the solutions of the scalar functions be:



Ly = AWJ.(%,)gl))jm)W// (§3J /AM)J (13)
X =BX(5.E, B) X, (£, Hm),
¢ =C ¢J~ (gi)gn)ﬁm)% (§3_) ’Zz\m)

(14)

' (15)

If the boundaries are parallel to the %3

and {j, are sets of eigenfunctions and -k,, are the eigenvalues with

-— + 1
= constant surfaces, Y, , D

index hy ; then HM , obtained from Eqgs. (12) and (10c), will describe

the dispersion relation for propagation in the (Sl , fx ) space. Conversely,

if the boundary surfaces are perpendicular to ‘5'3 = constant surfaces, ¢, ,
_><.1_ , and dj_L will consist of sets of eigenfunctions with /-jm consisting

of the eigenvalues. (}}” , ‘)(” , and @“ describe the propagation in aT\?
direction with /f.{m being the parameter describing the dispersion relation.

In either case there will be another eigenvalue with index /_ , resulting from
the separation of Eq. (10b), which is not apparant in Eqs. (13) to (15). Of course,
when the boundary is a completely self-enclosed one, there are three sets of
eigenvalues with indices m , », , and { . The solutions ¥ , 7( .
and §b are not entirely independent. By substitution of Eqs. (13) to (15) into
Egs. (6) to (8), it is possible to obtain a functional relation between the

constants A, B, and C, thus reducing the number of arbitrary constants to one,

Without restricting the generality of the two succeeding sections on the
inhomogeneous equation and the Green's function, and on the infinite domain
CGreen's dyadic, a readily understandable illustration is that of a plasma region
bounded by two parallel, infinitely large, conducting plates of finite separation,

OL . With a static magnetic field imposed upon the plasma in the direction
normal to the boundary plates. The solution for outgoing waves can be found in
a circular cylindrical coordinate system. Assuming the origin of the coordinate

system is located midway between the plates



b= ZA,,,,, H <n5 r) e\n o bng | ~ (16) -

(3) ine

X=2, Bonn Hn 0 € o ey a7)

(3) )ne b
P ZCMH K, € Cmbny (18)
with two sets of eigenvalues,. i.. e.
n= o, I /J j 2/ - - J
mT (19)

k'n:—z'_)l m = OJ//Z/’_-_

As stated above, functional relations between ,4,,,,, , 8,,,,, , and Cm,, may
be obtained by substituting Egs. (16) to (18) into Egs. (6) to (8). Since << km}
or Am‘?mé when summed on M7 constitutes a complete set of eigen-

functions, this complete set is a complete solution of Eq. (10b). Also, the

ne
functions eJ when summed on A yield a complete set of eigen=

functions that satisfies an equation resulting from separation of & from

Eqg. (10a). Therefore, by virtue of the completeness theorem for several

(8)

variables, the functions & , 9( , and CP as shown in Egs. (16)

to (18) are complete sets which satisfy Eq. (9). Consequently, the wave field

——

E , obtained from Eq. (4), having three orthogonal components, namely

LY x a—a . VJ_(VH-&E)( -a) and &y (vfr)(_,,v“.%q;), with each compo-

nent consisting of complete sets, must by itself be complete. Hence, E so

obtained is a complete solution to Eq. (3). In addition, it can also be shown

(8) See for example, R. Courant, and D. Hilbert, Methods of
Mathematical Physics, (Interscience Publishers, Inc., New York, 1953),
Vol. I, p. 36.




ihat for a physically realizable problem, the boundary conditions require
either the tangential component of electric field or the tangential component
of the magnetic field vanishes at the boundary; from this, the solution

obtained by Eq. (4) can be proved to be unique. )

INHOMOGENEQOUS EQUATION AND THE GREEN'S FUNCTION

B . .
When a source Jg(F) is presented in the bounded region, it can be shown

that Eq. (1) is solvable in terms of an integral representation:

-E__(F) = J-VGCF,FO) * j-s(r_-;) d’\/c ) (20)

where the kernel G(F'Fo') is the usual Green's dyadic function except that
instead of satisfying Eq. (1) with a dyadic impulse source, it satisfies the

following:

V"V*E"E‘Z— =3‘5cF—r'z), (21)

o

&=

where is the idemfactor and % is the conjugate of ;E . The

use of the conjugate of E in Eq. (21) is necessary if it is desired to
include the cases where E is not Hermitian, (see Appendix), In addition
to satisfying Eq. (21), the Green's function must also satisfy the same boundary
condition that the field satisfies.

The derivation of a Green's function to be discussed here depends upon

whether there are boundary surfaces parallel to the §J = (ool surface. For

(9) See for example, J. A. Stratton, Electromagnetic Theory, (McGraw-
Hill Book Company, Inc., New York, 194]1) pp. 486-488.
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brevity, only the case with boundary surface parallel to the {f&mﬁf- " surface

will be derived here. It is assured that the Green's dyadic for the case of no
boundary surface parallel to §3=&—»J. surface may also be derived with the
same technique, except for some minor modifications.,

In view of the form of the solutions to the homogeneous equation, and in
view of the fact that the three scalar functions are not independent functions,

it is proposed that the Green's dyadic takes the form:..

M+GN+§L) | (22)

{( V. frn X &) oo } ‘F—mnfﬁ, §2.53), (23)

m,n

GN= {( kPmn)(v a‘:)?) (V‘- mn) }G ,/Svi; (24)

m,n

GL n{VL\PMn-F -+ \Pm,,(v, ) f _lh:}-mncglol 2:’ 530) . and (25)

I

where o . 6 o , and Hmn are functions of source
coordinates only.

P is a two-variable function of variables &, and &, ,
satisfying Eq. (10a). The {5 dependent functions £,  and g, are
the two independent solutions of Eq. (10b); their relation is dictated by

whether there is a closed or open boundary in §3 . For the case of closed

boundary in 3‘3 , the relation is

Vu 'a: ?m =+ km-Fm 9 V;. * 53 ‘Fm = i/k"‘gm . (26)



11

Tﬁe choice of upper or lower sign in Eq. (26) depends on the type of béundafy
condition and the choice of coordinate origin in the problem. To be general,
both signs will be kept throughout this derivation. Finally, the index 2 in
Egs. (23) to (25) may be a single index or a double index, depending upon

whether the boundary perpendicular to 55 is open or closed.

— — St

The vectors M ) N , and L= are not necessarily
orthogonal in space, but (Z_\Pmnxz_s , V. B, .and 3—3 are three
orthogonal vectors. If a unit vector E , and a two-variable-dependent

function Can (§,,5,) are defined such that

VL"Pmn(guss): enn(éugl) b (27)
then the unit vectors b , b Xas ,and G, are mutually
orthogonal in space, Multiplication of these unit vectors b ’ E X 23 .
and Zs in turn into Eq. (20) yields a set of three mutually orthogonal
equations:

z{—(Vi' k,;.)(‘omn'{:m) Emn ""kT (Pmn-(—:n )“Qmamn) +kT (6" "-e”)g"‘ " bx ;; 5(F-F°)/ (28)

N

MZ{ R B B = (7 BY (B o) anGian) + R o) Him } =bS¢F-7),  (29)

2 T 42 - 2 - -— —

MZ{(V"‘Q;)(VT/?m)(\Pmngm)(’kmGmn) _kllkm<kpmn7m) Hmn f = k"\a” g(F’r") . (30)
,h

In Egs. (28) to (30), the relation given by Egs. (22) to (26) has been substituted.

The operator Vz is a three dimensional operator operating on the observer

coordinate functions only, i.e., (Gnfm) OF (B, 4,,) - When operation
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ox_i the source coordinate is needed, the operators will be distinguished by a' super-
script o)

In order to express the § ; dependent functions explicitly, and to
express the source coordinate functions in component form, ﬁnn ' é—mn '

and Hmn may be assumed:

— x 0 X el -L L — # H -
E’m‘:Ewn(%.;;;)ﬁ({:)bYaa + mn({f;f)ﬁ,cf;)b + B i 50678 (514, , (31a)
~ = X X 00T o ."'"é ¢ . i 4 @ 2 4 e
&% G k5D R0 XA T G 5050 e50b * GR350 ) & | (31b)
T X oo wonfX o T Ao g Wil s =
}——‘PW:;: ‘—Ih‘léé'” ;")5/1{5;‘3) bX 43+ }"/‘ﬂ/{%/ ‘;d-}éﬁggﬂ) b* f'l/,, ,,(;1/ %3 )ém(fg) 6\5. (310)

After some vector manipulations, Eqs. (28) to (30) are broken into a set of nine

sixth order equations.

N Tm ’ ; x= uév: : ,:"'kn ’b»: N Tm FeTo

,;W’ T (BBt %{*’ VRPNl 0GR, 62)
;@(an-{-‘m )"(ql?nnj,,.) F.J:nf:’—‘%;w{“ kr V‘L(V’q-&“-f 25 g( Gt X G, ) S (F-Fe) , (33)
Zrﬁ(ﬁ“'fm)?tpmgm) F:wn :rw:l =W;ikamvz(Pmn{a f S(F -~ o) , (3 4)

ZTQ’(&“{;"X\D'““ m)({:n?,,),(f- Zi‘ ka,.,km(‘ﬁ,mgm) S('r:f”"'e)) (35)
mon N .

Z (Ercbo) (B )G ?:."Z; kK (V AR (B G) SF =), (36)
m,n m, N
2 Tk X b, g)ﬁ:}_{ b+ ki (V) | (B S6E- 7 (37)
m,n m,n
ZU{(P.M mx%,.g,,,)i—l‘,‘,,né,’i=ZfeT(v’+te\._)(vi ko )( oo o) S¢F= o), (38)
M(&.,fm)(%.g...) wfnﬁ}} (@HRNTHRNVHbr) (B S¢7 - (39)
mM,n Y i
zg7%<en,.£,.x ool 22 Ry e (74 Rt} Gl ScrF), (40)

where the operator W is an observer coordinate operator, it can be considered

to be operating on any one of the two or three observer coordinate functions



immediately to its right:

o T2 r- 120914, f AT

_ >
o= . a

o T (o= T X(V=T2)  , F T2l

2 2
rrm and ;rm are the two non-trivial roots of Eq., (12). In view of

wher

0]

Eq. (9), all operators VZ to the right of the equality sign in Egs. {32) to (40)
are replaced by (- T‘::) . Substitute Eq. (41) into Egs. (32) to (40) and drop
out the functions common to both sides of the equality sign. Multiply both sides
by ‘lc,: or ?: ,» whichever one is appropriate. Then integrate over the

entire bounded 53 space, utilizing the orthogonal properties of the eigen-

functions ‘Fm and jm

v 4

J'Fmﬂﬁm CI\/E‘5 =/\fm , (42)
* 2

J?m?m d\éa =A—r"w)

where /\f‘m is the normalization factor. The asterisk (*) indicates the complex

conjugate. The integration yields distinct solutions for the 5; dependent

functions:
e = = gl = 60,
(43)
I E ,g—gn(sj)—- g =phe=gieg= b £l 4
Eq. (42) together with Eq. (43) indicate that the functions 1{{%5)'6,,(?0 and

X _, ; . ' , .
é‘mc%)gm (57:) are one dimensional scalar Green's function, both satisfying

a one dimensional equations

VA 1“) an)+ RS )cmm)-&% £, (44)

13
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After integrating out the & s and & ; dependent functions, Eqs. {(32)
to (40) become convenient two dimensional simultaneous equations involving

(s5,,5,) and (§° 5°) only. Itmay be demanded that

{v; 82 1 o T B B x T ) = B2 (T2 ) | PrnBlall Cox ) (B nas) (45)
and
TR T B8 = B2 (b2 G I 55, (46)

where the two double bars bracketing a function indicates only the scalar is being
considered. % and g}, represent anyone of the (§57) functions corresponding to
%, and lg,,, respectively . With Eqgs. (45) and (46), all nine equations in

Egs. (32) to (40) may be represented by one symbolic equation:

{ Ut Tk } 9,45.818°60 = (Constant) $¢5-57) S¢e-52) (47)
One thus has reduced the problem of solving the Green's dyadic to one of
searching for an appropriate two-dimensional scalar Green's function. Exact
solutions of Eq. (47) depend upon the coordinate systems employed and the type
of boundary perpendicular to é:éon.“/. surfaces considered. In general, it can

be written symbolically:

(Constant) ~ s
—-*“Jz“"‘" k/,7,.,,,’8(5,};,) %me({, &) , for closed boundary in L,
= | (48)
%mn ( Ca*r;;:_f‘_rjﬁfl) A
”“""Dz Bon (6,820 B (5, 82) , for open boundary in.L .
o~ »
In the case of a closed boundary in L. , keﬂﬂlw nd is the

, . 2 a2 2 a
complex conjugate of kﬁmn( ; and 1) "An/\‘l’ . -/\-n and /L4, are the
Yo d
two normalization factors. In the case of an open boundary, k/},m and kﬁ,,,,-,

FA
are the two independent solutions of Eq. (10a) and )) is a constant involving



the Wronskian of the two independent solutions. Let

s [}
glomn,p(% £/ ‘fnn,e({: /f:) s far closed boundary in 4
fmn({'g‘ /;’3 &)= ~ (49)
Llomn (§,8,) men(é;f, 32, for open boundary in L.

The complete Green's dyadic is found to be

Ip

£
= -kt Bk
GZF’E):Z "l 2{5 '7m - (V.L"G)(V_,_xab)

- 4&
+ R ) (@)

| 2
+ Bk (k22 - R (W )(570)

R I3k, (50)
- ‘,;"'( 5= )[(V_ans)(m + (V)% "43)] °
fe
- T[(V‘an'g)(vuo)ﬂ-(vn )% &;‘)J
E ‘(v vI VI) V.L)]}fm {Jgd/g/lf)f(;.;)/(;a
where 2 2 N .
|TM— a..—rm ) I'F tmy = [ m (s0a)

}z; 2 2 2 2
m :I.Tm""Tm J i+ Tm — a2lm .,

Symbolically, Eq. (50) may be written as*

2L 55T Sha@Eoar, o

A ’ —_—
where o% are the space coordinate differential operators, i.e., \'7_,_)(63,

l\

15
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. S/wfz 2 . . .
v” , -and V_L ; and (kmjyn) are the algebraic functions shown in Eq. (50);

the indices and ) run on the terms corresponding to the vectors G, ;
d '3

In the circular cylindrical coordinate system with open boundary in r and

© , the solution for Eq.(47) is:,

Tk H 0 F>

’ r2rs
( on:‘f‘an ) ine-g,) |~" 7""- n o P
9%/

@) - (52)
Hn (5"[',) Jn(ljmr') R <o,

Identifying -Fm(gs) with Ccrs’?m} and g ,ﬁ;) with M/pm} . in line with
Egs. (16) to (18)) the Green's dyadic valid for the case of two parallel conducting

plates is  (for r 2 r, only)

\ :_bn ] 2
- 4y Bobed

ﬁ K2d {(V_L Hf)" CTg) (v_Lojn X dg )C'Aﬂ)?ma cnk"’éa

E\u

Qsm n)(-rm () 0
"Q ki3 4 (VL 30) by o e,

k‘r -(b.l. m)erm é.
Y
m/’\

\ ( m-k" ' 2
"7 %T{@Hﬁ’@)(vm)w ny 0 R,

H(z):)-,\ﬂ»;\bm Mkm ,6-\. &
n 3 3. A3 R (53

(V.L )(VL J;)xa'a M’km’bwbmé f
%g%ﬁ:{— { (VJ.H() *Zs)(j,lq 53) mkmé'ﬁ»:wkm},
L HY (VLJM)MW/;;&

Kn(TA- &)
—4'2._ {(V,L (jna?a) Mbm}/ﬂmbm}
+ (Ha'd) (V2 Sn)wémawkm;a},
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THE INFINITE DOMAIN GREEN'S DYADIC

The transition of finite or semifinite domain Green's dyadic to the infinite
domain Green's dyadic may be obtained through a limiting process. Since the
infinite domain Green's function has been derived by a number of authors and

1,2,3)
employed extensively,

no attempt will be made here to derive the infinite
domain Green's dyadic into its final form. The main purpose here is to show that
such transition is possible.

As an example, take the Green's dyadic of the two parallel plates case
given in Eq. (53). As the plates recede to infinity, i.e. d—> eo , the sum-

mation on wm goes over to an integral. Written in the symbolic form of Eq. (51),

the transformed infinite domain Green's dyadic, ?—CF’ ) , is:

P L
- A -a‘ T *
ACTIDY (% )(IQ)J Sk £, fET dk | (54)
44 N °
In Eq. (54) the order of integration and differentiation operations has been inter-
changed and the subscript m has been dropped. Evidently, the Green's dyadic

for infinite domain can be obtained through a set of auxiliary scalar functions,

I';"" , as represented by the integral in Eq. (54). In view of Eq. (52), Eq. (44),

Lo
and the fact that -F'F is an even function, after using the addition theorem
to perform the summationon N, IA’a may be written
. M i3 N k
A ) g
I 7%=2 ( S Hy(rl)e dR | (55)
)
where
/= = /
r.:_-l'1—‘31| ) 3 =13-3,],

It should be noted that the new coordinate system has its origin at the source

point. This choice of a new origin may require subsequent transformation back
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18
tor the original origin,

An exact solution of Eq, {55) is tedious and is not easily attainable; how-
ever, an asymptotic solution which is valid for waves at large distance from
the source may be obtained through the method of steepest descent,

Assuming that interest is in the accuracy of the solution only to the order
of -"I; . the zero order Hankel function may be expanded into its asymptotic

form. Retaining only the first term, Eq. (55) then becomes:
T N Y S L7 L, 1%
L 1 ST totY dk
" _ e , 1/
=5 (7H o)™ : (s

Ll and

At this point, it would deem more convenient to change the coordinate system

from that of circular cylindrical coordinates to that of spherical coordinates

( Q PP X ); where

i-_‘_/ = R /Q.\—'-\)-'n \70}
3= KK ¢wf,

Under the new coordinate system, Eq. (56) becomes:

\ Lt A\Jd: \l \

- -iF S I R(t§oenp + keworp)
IAJJ— — _-—e—————- . VI & “k

(Q) - 8 b (’TK Rﬂw‘f) . (57)

It is recalled that:

2

T o= lqu— }?2' (58)

T is therefore the total propagation factor. Now for the sake of convenience,
instead of 4? , @ new integration parameter, ¥ , may be employed, such

that

Il

K=Tre~T,)
k=Tear | (59

The parameter ’/\' has the same significance as the angle which measures the
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wave normal if T is a constant; however, in the present case T  is not
a constant. In fact, combining Eq. (12), Eq. (58 and Eq. (59) yields an expres-

sion for T interms of 4~ .

2 Va
T2 = o) k] s 264 bk b Ty o B et
2[ ke piP et by ] , (60)

where, the subscript / and 2 on 'T" represents the choice of plus or
2

minus sign in Eq. (60). For simplicity, the subscripts on T~ are dropped,

assuming that it is permissible to work with one wave at a time. The integral

for IN) becomes

g | S5 -RUm
I v ; A\t/'_ e d’r {61)
\34-Nw~r; -'é, L“ “7')”"""’_! y b1
where
U = ¢ Ter) tm (7= P), (62)

Examination of the exponent shows that the real part of U('/‘) approaches 400

as k approaches To© . The saddle point of the integration is determined

by:
o
av ~ %, (63)
which yields:
I (__d__ _ )
Ty Ldr Tem ,7_=»TB=/Z/)(7Z—"‘7’) ) (64)

The contour of integration, C , is then chosen such that the path goes
through the saddle point, '/‘; , and that the imaginary part of {/ is constant.

Following the method of steepest descent, the solution for Eq. (61} is therefore

S e

17— 7
= 21 R (gonv)™ (65)
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where -

Z

d
Ni) = {2 TM’/'[{% -T)er(T-¥)- 2 ;,'%.—Muv'— ‘P!// . (66)
Y=

The electric field intensity E in infinite domain may, therefore, be obtained

from:

= 4 \ Sﬁlld: = R =
E-= Z (g )(f:) 217 ) (/?e‘wsp)"" " J; dl/,, (67)

~i4 N,

providing that all parameters, including the differential operators are properly
transformed to the correct observer and source coordinates in the spherical

coordinate system,

CONCLUSION

The results of separability studies in this work indicate that the dyadic-
vector Helmholtz equation is solvable by the separation technique in four
cylindrical coordinate systems. It may be noted that the solutions obtained by
the separation technique are uncoupled, i.e.,, it is possible to solve for one
field of the waves without explicit knowledge of the other field. Such simpli-
city may be contrasted to the coupled field solution that often prevailed in the
past. In the past, free wave solutions in a bounded anisotropic plasma often
have been obtained by direct manipulations of Maxwell's equations and the
generalized Ohm's law, Such manipulations often led to second order differ-
ential equations such that the fields are coupled, i.e., the electric field is

solvable in terms of the magnetic field and vice versa. Except for some special
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c;ases ,~ to uncouple the fields,the order of the differential equations mﬁst bé
raised beyond two and thereby increases the difficulty in obtaining solutions
in simple form,

The Green's dyadic constructed through sets of eigenfunctions for finite
or semifinite domain problems is expressed in terms of differential operators
which have the advantage of ease of operation over integral operators.,

The form of solutions for infinite domain problems as shown in Eq.(67)

(1)

is not exactly of the same form obtained by Bunkin, The most noticeable
difference lies in the manner of operation. Bunkin's solution requires two
second order differential operations, while Eq. (67) requires only two first

order differential operations., However, the result of Eq.(67) compares favorably

with that obtained by Bunkin.

APPENDIX A

The inhomogeneous equation is
V+U*E -%-E =Js, (a-1)
A Green's equation is assumed:
V7 G- R-G=3Fscr-n). (a-2)
Multiply G from the right into Eq. (A-1) and multiply E from the left
into Eq. (A-2), subtract and integrate over the entire space on the source coor-
dinate yielding
Fer)= Sc; - T dve+ f{E 7/ UxG ~(x<E) G;dv -f {" KG- E"EE]JVO, (a-3)
Using Green's theorem the second integral can be transformed into a surface

integral. If the Green's dyadic satisfies the same boundary conditions the
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*[E field statisfies, the surface integral vanishes.
The dyadics /}:\’ and }Z in the third integral may be expressed in terms
of their symmetrical components (subscript s} and antisymmetrical components

(subscript a)

/ﬁ ——3 //k)\s —:'- /,E\q' y (A_4)
= = = (A"S)
K = /<5 + Ka . =
Substituting into the integral, assuming (+r being symmetric and reciprocal

with respect to F and ¥, , it is found that

!

b

E.Kj.ﬁ'— 4{5.5“620 if ZS —

I3

and
E<R.G~- k. E<G=0 it K, =—4_.-
Thus, it is shown that for Eq. (20) to hold, the third integral must also vanish,

or
(A-6)

wall
]
|

APPENDIX B
Egs. (45) and (46) in essence demand that the Green's dyadic be
symmetrical. They also imply a condition for the ( g3 , §_3° ) functions such

that the solution for Eq. (44) must be chosen to satisfy

Vi (Fu o 9 9,2) = R (Fufrty Gon )y Ty (B-1

Egs. (45) and (46) along with Eq. (B-1) imply

VoXE, = —Vrd, (8-2)

v M _ _ V 7 (B"3)

and *+ . (B-4)
Z, = =V

The symbolic form of the Green's dyadic, as is given in Eq. (51), cannot

d
be symmetric unless the source coordinates operator io and the observer



. - -

- -

coordinates operator &9 can be interchanged. Of course, Egs. (B-2)
through (B-4) are not the only possible conditions that may force the Green's

dyadic to be symmetric.

The Green's dyadic is symmetric only in the coordinate system for which
the Green's dyadic is constructed. Using variational technique, a given
Green's dyadic may be transformed to one that is valid for a problem of different
boundary configuration in a different coordinate system. But the symmetrical
property of the original Green's dyadic is not necessarily retained in fhe trans-
formation. This is especially true in the case of the Green's dyadic for the

infinite domain.
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